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Let F be the rational field or a padic field, and let K an algebraic number 
field over F. If w1 ,..., O, is an integral basis for the ring D)g of integers in K, 
then the quadratic form Q whose matrix is (trace&w&) has integral co- 
efficients, and is called an integral trace-form. Q is determined by K up to 
integral equivalence. The purpose of this paper is to show that the genus of Q 
determines the ramification of primes in K. 
I. Let F denote the rational field Q or a p-adic field Q, , and let K be 
a finite algebraic extension field of F. We shall use dK to denote the field 
discriminant of K over F, and TKII. : K--f F will denote the usual trace- 
map. We regard K as a regular quadratic space over F with respect to 
the bilinear form B(x, v) = T&xy), and let Q(x) = B(x, x) be the 
associated quadratic form. Then it is evident that the ring OK of integers 
in K is an integral lattice (i.e., B(DK , 0,) C XI,), and if w1 ,..., w, is an 
DF-basis for DK , then det(B(w, , wi)) = dK . Hence the quadratic form 
Q whose matrix is (B(wi , wj)) is integral and is determined up to integral 
equivalence. Such a form will be called an integral trace-form. 
The rational invariants of K, as a quadratic space, are: (i) its dimension 
n = [K : F]; (ii) dK/l@ (i.e., the field discriminant modulo the nonzero 
squares); and (iii) the Hasse-invariants S,K for each prime p (including 
p = co) and, if F = Q, the positive index ind+ Q. In 1968 0. Taussky [3] 
proved that if F = Q, and r, is the number of real conjugate fields and 
2r, the number of complex conjugate fields, then ind+ Q = r, + rz . 
Other than this, little seems to be known about the connection between 
the trace-form and its associated field. The purpose of this paper is to 
determine a complete set of invariants for the genus of Q. We prove the 
following theorem. 
THEOREM. Let K and K’ be jinite algebraic extension jields of F 
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(normal if F = Q) with odd discriminant. Also suppose that the integral 
trace-form Q is primitive. Then gen Q = gen Q’ if and only if 
(i) Q and Q’ have the same rational invariants, with d, = dKs , and 
(ii) if (p) = $$fCP) .. . 5$;(P) is the factorization of p in K, then 
e(p) = e’( p) for all$nite primes p. 
2. REDUCTION TO THE LOCAL CASE 
We do not yet assume that K 1 F is normal; hence if p is a prime let 
be its factorization in K, and let fi be the degree of ‘& . If we set 
V = K @o Q, , then the bilinear form B can be “lifted” to V by defining 
BV(wi @ 1, wj @ 1) = B(q , wj) 
and it is easy to verify that B&, y) = TYIQV(xy). Hence V is a regular 
quadratic space over Q, of dimension II. Moreover, we have a direct 
product decomposition. 
v= JJKi, 
where Ki is a local extension of Q, , and (p) = ‘?@ in Ki . Since the Ki 
are the invariant subspaces of the regular representation, we further 
obtain an orthogonal splitting 
V= IKi. 
The “pGfication” of DK in V is defined as 
Q)K)P = IJ .o,(Wi 0 1); 
(0, will denote the integers in Q,) and clearly (D,), Cl DKi . Since 
& = I-I dtc,, we have equality. Hence there is a basis for (D,), over DP 
relative to which the matrix of the form QV is 
Dl . 0 
[ . I 0 ‘0, 
where Di is the matrix of an integral trace-form on Ki . 
LEMMA 1. The form Q is primitive if and only if for each prime p, 
which divides dK, there is at least one prime ideal divisor ‘p of p, in K, 
which is tamely ramified. 
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Proof. By the preceding remarks, we can assume E = Q, , and so 
(p) = Cp”. Let - denote the canonical map of DK into its residue class 
field. Then for x E DK, we have 
Hence p divides e if and only if 
GF(4 s O(modz-4 for all x E DK , 
for the trace-map on finite fields is surjective. And it is evident that the 
scale of DK is 
at = TK/F(W. 
Let w1 ,..., W, be an integral basis for DK ) and let e be an integral 
ideal. If LYE ,..., 01, is an integral basis for a, the D&ntegral matrix A 
is called an ideal matrix for a if 
[:;]=A[::]. 
It is clear that every ideal matrix of a has the form UAV for some DF- 
integral unimodular matrices U and V. Assume that 
and that r, = eik, + hi (0 < hi < eJ. Then it is known (e.g., [1] or [4] 
that a has an ideal matrix of the form 
with Bi = [“%” ph)A, 
where A and B are diagonal and unimodular. In particular, if F = Q, , 
then g = 1. We shall use this to prove 
LEMMA 2. Let F = Q, . Suppose D is the matrix of an integral trace- 
form Q and sOK = py. Then there exist u&modular m),-matrices U and V 
such that 
uDV= [“p ,o,l, 
where M and N are diagonal and unimodular. 
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Proof. Let wI ,..., o, be an integral basis for DOK , and q* ,..., OJ~* 
the dual basis (i.e., Tx~F(~iw,*) = S,), then 
for consider the linear transformation of K + K defined by q* + wi 
(i = 1, 2,..., n). Let (So,) be its matrix relative to the dual basis; then 
and so sii = TK~F(~i~j). Since the complimentary module OK* is a 
fractional ideal, dK.OK* is an integral ideal which has d&l-l as an ideal 
matrix. We then set dKDK* = gr, and apply our previous remarks to 
find unimodular matrices U, and VI such that 
pL+lA 0 
U,(d,ZV) VI = [ 1 0 pkB 
where A and B are unimodular and diagonal. The lemma is obtained by 
dividing out dK and taking inverses. 
Remark. This lemma generalizes to F = Q, but we do not need it here. 
The norm group of the lattice DOK is defined to be the set 
g&c = Q(D,> + 2553~. 
We shall need the following. 
LEMMA 3. Let F = Qz . Suppose that K 1 F is unramljied. Then 
g& = OF. 
Pro@ Since K 1 F is unramified, Q is a primitive form and so 
sDK = OF. Hence 
Also, e = 1, and so we have 
TK, ~(4 = %&x3 for all x E Dr. 
Now suppose a E DF . Since TB,,~,, is surjective, there is an x E OX such 
TRACE-FORM OF A NUMBER FIELD 383 
that 3 = 7’~,,$%). Moreover BK is a perfect field of characteristic two, 
and so there is a z E OK such that .? = Z. Hence 
a = Q(Z) (mod 2) 
and therefore a E gDK . 
3. PROOF OF THE THEOREM 
As before, let V = K aa Q, . It will be sufhcient to prove that 
cls,(D&, = cIs,(DK~)?, for all primes p if and only if condition (i) and (ii) 
of the theorem are satisfied. We first prove the necessity. If gen DK = 
gen OK* then we clearly must have (i), and so e(p) = e’(p) = 1 for all 
primes p which do not divide dK . Therefore assume p divides dK . Then 
we have an isometry 
M 0 
@K)zl G [ 1 , 0 PN 
where M and N are unimodular and diagonal. Let Cp” be the different, 
then, by normality, pgfs is the largest power of p which divides dK , and 
so we have 
dim N = n - (n/e). 
Hence the Jordan Splitting of (D,), is completely determined by the 
numbers e(p). This proves the necessity. 
Now assume conditions (i) and (ii). We must consider several cases. 
Case 1. Suppose p is odd and does not divide dK . Then each Ki is 
unramified and so each DKi is unimodular. Therefore we obtain a splitting 
(WI, E <I> I --- I <I> I <&>. 
And so [2, 92:laJ cls,(X& = cl~~,(D~,)~. 
Case 2. Let p = 2. Then by hypothesis p does not divide dK , and so 
again the DKi are unimodular. 
By lemma 3, we have g(D& = 0, , hence [2, 93:16] cls,(D& = 
chmr’)P * 
Case 3. Suppose that p divides dK . 
We can assume that 
A = diag(l,..., 1, a) 
and 
B = diag(b, l,..., 1). 
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Therefore 
(Wp LX diag(L..., 1, a, bp, P,..., P> 
Let J g diag(a, bp), then a short computation shows that S,(Q,J) = 
S,(Q,J’). Since both J and J’ are DO,-maximal, we have cls,J = cls,J’ 
and so cls,(D& = cls,(DK,), . 
This completes the proof of the theorem. 
Remark 1. The theorem of Taussky, quoted in Section 1, may be 
obtained by studying the algebra K @o R, where R is the real field. 
Remark 2. It is almost certain that the hypotheses of the theorem 
can be relaxed. The normality may not be essential, and the condition 
that the discriminants be odd was imposed because an investigation of 
the case when 2 ramifies is not yet complete. 
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